Recently we proposed that K fields, that is, fields with a nonstandard kinetic term, may provide a mechanism for the generation of thick branes, based on the following observations. Firstly, K field theories allow for soliton solutions with compact support, i.e., compactons. Compactons in 1+1 dimensions may give rise to topological defects of the domain wall type and with finite thickness in higher dimensions. Secondly, propagation of linear perturbations is confined inside the compacton domain wall. Further, these linear perturbations inside the topological defect are of the standard type, in spite of the non-standard kinetic term. Thirdly, when gravity is taken into account, location of gravity in the sense of Randall-Sundrum works for these compacton domain walls provided that the backreaction of gravity does not destabilize the compacton domain wall. It is the purpose of the present paper to investigate in detail the existence and stability of compacton domain walls in the full K field and gravity system, using both analytical and numerical methods. We find that the existence of the domain wall in the full system requires a correlation between the gravitational constant and the bulk cosmological constant.
Introduction
Recently, the idea that the visible universe with its 3+1 dimensions is embedded into some higher dimensional space has received considerable attention. Consistency with observations requires that the propagation of matter and fields is restricted to this 3+1 dimensional subspace, at least for not too high energies. In this context, two slightly different scenarios have been studied. The subspace may either be of the topological defect type, in which case it has a finite, although probably very small, extension in the additional dimensions. Some first proposals of this type have already been made in the eighties, see [1] , [2] . In the last years, interest in this type of "topological defect" universes has increased significantly, and the name of "thick branes" has become customary for these objects. Some recent work may be found, e.g., in [3] - [7] . The other possibility is that the subspace is strictly 3+1 dimensional, in which case it is known as a "three-brane". Investigation of these three-branes started in the nineties, and the literature on this subject is too numerous to be quoted here. Some recent reviews, in which also further references may be found, are, e.g., [8] - [10] .
It is one of the crucial features of a "thick brane" cosmological model that a dynamical mechanism must exist which provides the confinement of all matter fields to the subspace. We recently proposed such a mechanism [11] which uses as its main ingredients a scalar field theory with a non-standard kinetic term (K field theory) and the observation that topological defects with a compact support (compactons) exist in this theory [12] . For different aspects of K field theory, we refer, e.g., to [13] - [20] , whereas the theory of compactons is discussed, e.g., in [21] - [23] . Interestingly, the complete suppression of the propagation of fields outside the support of the compacton is an automatic result of the model proposed in [11] . Further, the propagation of linear perturbations inside the topological defect (i.e., inside the brane) is standard, in close similarity to the Kaluza-Klein reduction, in spite of the non-standard kinetic term. Specifically, there are no tachyons on the brane, and the evolution of linear perturbations is both unitary and causal. Inside the brane, the only remaining effect of the original K field theory resides in the values of the masses of the (Klein-Gordon type) linear fluctuation field.
For the full theory, with gravitation coupled minimally to the scalar field, we showed in the same paper that, provided the compacton domain wall is not destabilized by the addition of gravity, bulk gravity solutions of the Randall-Sundrum type [24] (that is, localization of gravity on the brane) do exist. However, the analysis of the stability of the full K field plus gravity system and specifically of the existence of the compacton domain walls in the full system was not done in Ref. [11] . It is the purpose of the present paper to perform precisely this analysis.
In Section 2, we briefly present the model together with the resulting field equations and their vacuum solution. In Section 3 we present some analytic investigations of the system without gravity for later convenience. In Section 4 we turn to the analytic investigation of the full system with gravitation included. We perform a power series expansion about the boundary of the domain wall as well as about its center. Further, we establish some global properties of the resulting system of nonlinear evolution equations. The result of this analysis is that the compacton domain wall does not exist for completely generic values of the two remaining parameters (the gravitational coupling κ and the bulk cosmological constant Λ). Instead, the existence of the compacton requires a correlation between these two parameters, that is, for a given κ the compacton exists if Λ takes a fixed κ dependent value. In different words, the space of compacton solutions forms a one-dimensional curve in the κ-Λ plane. In Section 5 we turn to a numerical invastigation of the full system. We determine the correlation between κ and Λ (i.e., the above mentioned line in the κ-Λ plane) to a high precision. Concretely, we fine-tune the value of κ for a given Λ. Further we determine the compacton radius, that is, the extension of the domain wall in the transverse direction. In addition, we display figures providing some details of the numerical investigation. In Section 6 we study the issue of stability of the compact domain walls established in the previous sections under linear fluctuations. Specifically, we prove by a combination of analytical and numerical methods that the domain wall is stable under fluctuations of the scalar K field also in the full theory, with gravitational backreaction included. Section 7 contains a discussion of our results.
The model
The action is (for details we refer to [11] )
where Λ is the cosmological constant , and X now includes the metric
Further, the potential is
We will choose a 5D metric ansatz with a Minkowskian 4D slice, written in the form
We remind the reader that -up to coordinate transformations -this metric ansatz is the most general one having the Minkowski space symmetries ISO(3,1) on the brane, see e.g. [3] . For the scalar field we assume ξ = ξ(y). Then the field equation for ξ is
and the independent components of the Einstein equations read
At first sight one might think that the system is overdetermined because there are three ODEs for the two unknown functions ξ and A, but the field equation for ξ is not independent of the Einstein equations. Indeed, when one calculates the y derivative of Eq. (6) and replaces A yy and A yyy with the help of Eq. (7), one recovers Eq. (5). Remark: the derivation of the field equation for ξ from the Einstein equations requires a division by κ 2 and another division by ξ y , therefore the field equation is a consequence of the Einstein equations provided that these two quantities are nonzero. In the vacuum sector, where ξ y = 0, the field equation for ξ is more restrictive and requires that ξ = ±a, whereas the Einstein equations would allow for more general constant values of ξ.
For later convenience, we rewrite the above system of equations in dimensionless quantities, by rescaling ξ → aξ, V → a 4 V , and z = λy, λ −1 Λ → Λ, λκ → κ. Further, we introduce the derivative C(z) = A z (z) as field variable, and get
This system still has the vacuum solution
is a positive constant.
3 Non-gravitational case
The system without gravitation has the field equation
with the compacton solution
Here z 0 is the compacton center, which we shall frequently choose equal to z 0 = 0. Further, the compacton reaches the vacuum values ξ = ±1 at
. We will use the notation z 0 , z ± for the center and boundary of the compacton, respectively, also in the case with gravitation.
Although we know the explicit solution in the case without gravity, we want to study the behaviour of the solution near the lower boundary and the center for later convenience. We assume z 0 = 0 for the moment and introduce the new variable
(where ξ(t = 0) ≡ ξ(z = z − ) = −1 by assumption). The field equation remains unchanged,
because the translation t = z − z − is a symmetry. Now we insert the power series expansion
into the above equation (15) and find
with the three solutions
where b 2 = 0 corresponds to the vacuum solution and b 2 = corresponds to a solution growing in absolute value for increasing t, which has infinite energy and is of no interest in this context. Observe, however, that
together with ξ(t = 0) = 1 would correspond to the anti-compacton. We remark that this degeneracy for the coefficient b 2 exists due to the nonlinearity in the kinetic term and would be absent in a theory with normal kinetic term. Once a choice for b 2 has been made, the higher coefficients b n are determined uniquely by linear equations. For the choice b 2 = 1 2 , the higher coefficients just reproduce the power series of the function ξ(t) = − cos t.
Next, we study the power series expansion about the compacton center z 0 = 0. By assumption, ξ(z = 0) = 0, therefore the expansion is
If we assume that b 1 = 0, then it automatically follows that all even b n are zero, b n=2m = 0. The odd b n are determined by linear equations depending on the arbitrary nonzero b 1 . For the choice b 1 = 1 we recover the power series expansion of the function ξ(z) = sin z. It is easy to see that finite energy requires, in fact, b 1 = ±1. Indeed, a first integration of the field equation gives ξ
where k is an integration constant. Finite energy requires k = 0 which implies for ξ(z 0 ) = 0 that ξ z (z 0 ) = ±1. Finally, let us briefly recapitulate the necessary conditions for the existence of the compacton. These conditions are that 1) the field may be joined smoothly with smooth first derivative to its vacuum value. This holds because of the triple degeneracy of b 2 = 0,
at the compacton boundaries z ± .
2) the field, which starts at the value ξ(z − ) = −1 at z − and obeys the compacton boundary condition
, evolves such that it takes the value ξ(z 0 ) = 0 at some point z 0 . It may be checked easily that this property follows from the structure of the field equation.
3) the field resulting from the evolution of point 2) is odd about the point z 0 . This means that the evolution of ξ for z > z 0 will be the mirror image of the evolution for z < z 0 and, consequently, will join the other vacuum, ξ = 1, at z + = 2z 0 − z − . This is automatically fulfilled in the case without gravitation, because a solution with initial condition ξ(z 0 ) = 0, ξ z (z 0 ) = 0 is always an odd function about z 0 for arbitrary values of ξ z (z 0 ).
We remark that points 1) and 2) in the above list continue to hold in the case with gravitation. On the other hand, point 3) will not hold in the generic case. Instead, it requires a fine-tuning between the gravitational coupling κ and the cosmological constant Λ. 4 The case with gravity
Expansion about the compacton boundary
We again introduce the variable t = z − z − where by assumption ξ(z = z − ) = ξ(t = 0) = −1, ξ t (t = 0) = 0, and C(t = 0) = − Λ /3. The Einstein equations are
and we insert the power series expansion
For b 2 we find again Equation (17) with the three solutions (18), corresponding to vacuum, compacton and an infinite energy solution, respectively, like in the case without gravity. Choosing
for the compacton, the higher coefficients are, again, determined uniquely by linear equations. Concretely we find
These coefficients now depend on the cosmological constant and go to their nongravitational values (the expansion coefficents of − cos t) in the limitΛ → 0, as they should. As b 3 is negative, the cosmological constant tends to increase the size of the compacton.
For the function C we find from Eq. (22) that the coefficients c 1 -c 4 are identically zero. The two first nontrivial coefficients are
We remark that the first dependence of the b i on the gravitational constant κ 2 enters for the coefficient b 8 . The effect of the gravitational backreaction on the power series expansion at the compacton boundary is, therefore, negligible for not too large values of the gravitational constant. The contribution of κ 2 to b 8 is positive, therefore the gravitational backreaction by itself tends to shrink the "compacton" radius.
Approximate determination of the compacton radius
The fact that the expansion coefficients almost do not depend on the gravitational constant κ 2 allows to determine the "compacton" radius |z 0 − z − | for a given cosmological constant Λ approximately. The idea is to use the power series expansion for ξ(t) to a certain order, and to determine the first zero of this polynomial for t > 0. We warn that for a fixed Λ and arbitrary κ a true compacton does not exist. But the position of the first zero will almost not depend on κ, therefore this position should determine the compacton radius to a good approximation whenever the compacton exists, at least for not too large values of Λ and κ. Concretely, we will use the power series expansion up to sixth order, where κ does not show up at all.
Let us first check this proposal for the nongravitational case, where the exact compacton solution is known. This nongravitational solution is given in Eq. (14) therefore the compacton radius ρ = |z 0 − z − |, variable t and function ξ(t) are
Observe that all even derivatives of ξ(t) at the compacton center t = ρ are zero, because ξ must be an odd function of z = t − ρ. Now we use the power series expansion of the function ξ(t) = − cos t about t = 0 up to sixth order to determine the zero ρ approximately, see Eq. (29).
We find that the power series up to sixth order reproduces the exact value of the compacton radius to a precision of better than 10 −3 . Further, we plot the value of the second derivative at the compacton center, ξ ′′ (t = ρ), which must be zero for the exact solution. This value is off about 2% for the approximation. Table 1 : Approximate determination of the compacton radius from the power series expansion
Now we do the same calculation for the power series up to sixth order using the coefficients b i of the previous subsection for the case with gravitation and cosmological constant included, for different values of the cosmological constant. The result is presented in Table 1 . It is clearly seen that the compacton radius increases with the cosmological constant. Later we shall compare these simple results with a numerical integration and will find that, indeed, they reproduce the compacton radius with a rather good precision. We repeat that the existence of the compacton requires a fine-tuning of the value of κ, but that the value of the "compacton radius" calculated above is completely insensitive to the value of κ.
Expansion about the center
Now we want to study a power series expansion about z 0 where by definition ξ(z = z 0 ) = 0. Here we use the Einstein equations in the slightly rewritten form
where we choose the positive root for ξ z , which describes the compacton (the negative root would give the anticompacton). As said, for a compacton ξ(z) must be an odd function about z 0 . It may be checked easily that a necessary and sufficient condition for this is that C is equal to zero at z 0 , too, C(z 0 ) = 0. Therefore, the conditions at the center of a compacton are
These equations already demonstrate the possible troubles for the existence of a compacton. For suppose we start the evolution at the lower compacton boundary ξ(z − ) = −1, C(z − ) = − Λ /3 and for compacton boundary conditions (i.e. b 2 = 1/2). After some evolution ξ(z) will hit a point z 0 such that ξ(z 0 ) = 0, but there is no reason that C(z) has evolved to the same value C(z 0 ) = 0 at z = z 0 . The condition C(z 0 ) = 0 is an additional condition for the already completely determined initial value problem (evolution from the compacton boundary with compacton boundary conditions) and requires, therefore, a fine-tuning of the parameters κ and Λ. A first conclusion which may be drawn easily is thatΛ > 0 for κ = 0 is a necessary condition for the existence of a compacton. For assume that we start the evolution of the fields at the center with conditions ξ(z 0 ) = 0, C(z 0 ) = 0 forΛ = 0. The evolution equations are
From these equations and the conditions C(z 0 ) = 0, C z (z 0 ) > 0 it follows that C(z) is strictly positive for z > z 0 , and from this it follows in turn that both C z and ξ z are strictly positive for all z > z 0 . Therefore, ξ can never reach a point z + where ξ z (z + ) = 0, which is the compacton boundary condition at the upper boundary of the compacton. The conclusion is that a compacton cannot exist for κ = 0 andΛ = 0. An upper bound can be easily found forΛ by inserting the power series expansion
into the above evolution equations (we assume momentarily that z 0 = 0). It immediately follows that
which is real only provided thatΛ
Some further qualitative conclusions may be drawn by investigating the evolution equations (30), (31), by assuming an evolution from the center z 0 . The problem is that ξ z must reach its value zero exactly at the same point z + where ξ takes the value +1. When ξ z has not yet reached zero at the point z + where ξ(z + ) = +1, then it will never reach zero, because from this point onward both quantities C 2 and (ξ 2 − 1) 2 start to grow. This happens for too smallΛ for a given κ. On the other hand, if ξ z takes its value zero before ξ reaches the value one, then all the higher derivatives of ξ at this point are singular, and the evolution equations break down at this point. This happens whenΛ is too big for a given κ. Therefore, for each given κ = 0, there exists precisely one fine tuned value ofΛ such that ξ z is zero exactly at the point z + where ξ takes the value +1, and, consequently, the compacton exists only for this fine-tuned value.
Remark: One may derive a single first order evolution equations for the "orbit" C(ξ), and this equation may be used to determine the correlation betweenΛ and κ (but not for the compacton radius). Indeed, dividing (30) by (31) one easily derives the following equation,
whereC
Between the compacton center and the upper compacton boundary (or, indeed, between the lower and upper compacton boundary) both C z and ξ z are strictly monotonous, therefore this "orbit" equation indeed may describe the compacton. Integrating, e.g., from the center of the compacton to the upper boundary requires the "initial" condition (at the center)C(ξ = 0) = 0 and the conditionC(ξ = 1) = 1. These two conditions for a first order ODE overdetermine the system and do not have a solution in general. Closer inspection of the above equation (39) again reveals that there exists exactly one β for given α (or one α for given β) such that the compacton exists. Indeed, asC ξ always grows with growing α for fixed β (and always grows with growing β for fixed α), independently of the values ofC and ξ, the above statement follows. The numerical values of α and β (and, therefore, of Λ and κ) such that the compacton exists may be easily determined numerically from Eq. (39) and completely agree with the values determined from the numerical solution of the system of equations (30) and (31) presented in Table 2 and Fig. 1 . We present the result of a numerical integration for some fine-tuned values of κ andΛ in the last figure (Fig. 15) . Indeed, for these fine-tuned values the functionC(ξ) reaches the value one at ξ = 1 to a high precision.
Numerical calculations
Here we present the numerical calculations for the Einstein equations (9), (10) Table 2 . The fine-tuned value of κ for a givenΛ is defined by the condition that the numerical integration reproduces the compacton configuration. When κ is too big (or, equivalently,Λ is too small), then ξ z will never reach the value zero. When κ is too small (or, equivalently,Λ is too big), then ξ z reaches zero before ξ reaches one. At this point a singularity forms and the numerical integration breaks down. The fine-tuned value for κ is just the boundary case between these two cases. More precisely, the values for κ 2 in Figure 1 and Table 2 are determined from a numerical integration which starts at the center of the "compacton" , that is, with initial values C = 0, ξ = 0 ("shooting from the center"). Within this numerical intergration, the displayed values for κ 2 are the smallest values for κ 2 that can be found numerically such that a singularity does not form in the numerical integration. Strictly speaking, they are, therefore, upper bounds for the true fine-tuned values of κ 2 , but they are determined to a high precision.
In Table 2 , we provide two values for the compacton radius. The first, ρ c , is determined by a shooting from the center, like κ 2 itself. The advantage of this value is that it provides a strict lower bound on the compacton radius, because the "compacton" radius strictly decreases with increasing κ 2 for a shooting from the center (here the "compacton" radius is defined as the point z + where ξ(z + ) = 1, which is at the same time the point where ξ z has a local minimum), and the used value for κ 2 is an upper bound. The disadvantage of ρ c is that its value is extremely sensitive to a precise determination of κ
2 . An error in the seventh of eighth digit for κ 2 , for instance, frequently translates into an error in the third digit for ρ c . Therefore, we determine the compacton radius in Table 2 also from a numerical integration which starts at the lower boundary of the compacton with compacton boundary conditions ("shooting from the lower boundary"). We know already from the power series analysis of the last section that the so determined "compacton" radius ρ b almost does not depend on the exact value of κ 2 (here the "compacton" radius is defined as the point t = z 0 where ξ(t = z 0 ) = 0). Therefore, we expect the so Table 2 : Numerical determination of the fine-tuned value for κ 2 and of the corresponding compacton radius. The displayed value of κ 2 for a givenΛ is the lowest value of κ 2 that can be found numerically by a shooting from the center, such that a singularity does not form in the numerical integration. Therefore, the true value of κ 2 could be slightly smaller, and the value in the table is, in fact, an upper bound. Correspondingly, the value of the compacton radius ρ c , which is also determined by a shooting from the center, is a lower bound. The values for κ 2 are shown to a very high precision (with many digits), because the determination of ρ c depends very sensitively on a precise determination of κ. Finally, we display the compacton radius ρ b which is determined by a shooting from the boundary and depends on κ 2 only very weakly. determined value ρ b to better reproduce the true compacton radius than ρ c . We find, for instance, that ρ b obeys ρ b > (π/2) for allΛ, which we know must be true at least for smallΛ (see the power series expansion analysis of the last section). The disadvantage of ρ b is that it no longer provides a strict lower bound, therefore we display both values.
Next, we present figures with some details from the numerical integration. We do the numerical integration in two different ways. First, we start at the center where both ξ and C are zero ("shooting from the center"), see Figures 3-8. We fixΛ = 0.5 and choose for κ the fine-tuned value as well as one slightly smaller and one slightly bigger value. The results for other values of Λ are completely equivalent, and we choose the value of 0.5 forΛ just for convenience.
Then, we present the corresponding figures which one obtains for the numerical integration which starts at the lower boundary of the compacton (more precisely, very near the lower boundary, where the compacton boundary condition b 2 = 1/2 is taken into account), and integrates all the way up to the upper boundary ("shooting from the lower boundary"), see Figures 9-14. We remark that from these figures one may see explicitly that the "compacton radius" ρ b determined from the shooting from the lower boundary depends only weakly on κ 2 , and therefore, approximates the true compacton radius rather well even if κ 2 is not exactly equal to its fine-tuned value. Indeed, from where the first value κ 2 = 0.633226 is the fine-tuned value. We find that when κ 2 has a relative deviation of about 10 −2 from its fine-tuned value, then the relative deviation of ρ b is about 2 · 10 −5 , i.e., quite small, indeed. Finally, we present the result of a numerical integration of the "orbit" equation (39) for some fine-tuned values of κ andΛ, with initial conditioñ C(ξ = 0) = 0. For the fine-tuned valuesC reaches the valueC(ξ = 1) = 1 to a high precision.
We conclude that the numerical analysis completely confirms the qualitative discussion of the last section, both for an evolution from the center and an evolution from the boundary of the compacton.
Linear Stability
In this section we want to discuss the issue of stability of the compacton domain wall under linear fluctuations. We shall not further comment on the issue of stability under gravitational fluctuations. Stability under fluctuations of the gravitational field for a whole class of thick brane models has been extensively discussed in Ref. [3] , and we demonstrated already in Ref. [11] that our compact domain wall solutions belong to that class and, therefore, the analysis of Ref. [3] applies.
On the other hand, we want to study linear stability under fluctuations of the scalar field for the system with gravitational backreaction (for the compacton without gravity, linear stability has already beed demonstrated in Ref. [11] ). It turns out that stability of the full system with gravity may indeed be demonstrated by a combination of analytical and numerical methods, at least for not too large values ofΛ (and, consequently, also for not too large values of κ). The restriction to not too large values ofΛ probably does not mean that stability does not hold for large values, but just indicates that an approximation used in our proof becomes too crude for large values ofΛ.
The linear fluctuation equation for the scalar field is
where is the four-dimensional Minkowski space wave operator, and A and ξ are the compact brane solutions of Sections 4, 5. Further, η is the linear fluctuation. Outside the compacton region, where the fields ξ and A take their vacuum values (specifically, ξ z = 0), the only possible solution is η = 0, like in the non-gravitational case. For the case inside the compacton region, we use the separation of variable ansatz η → η(z)φ(x) and get
(the Klein-Gordon equation) and
where ω 2 is the separation constant. After the transformation η = e A ξzη , Equation (44) can be brought into the Schroedinger equation form
where
We now eliminate all higher derivatives terms (first and higher derivatives of ξ, second derivative of A) with the help of the field equations for ξ and A. Further, we again use the notation C(z) ≡ A z , C =Λ 3C and find
Stability requires ω 2 ≥ 0. This, in turn, follows from the positive semidefiniteness of the above Schroedinger operator
because from η|H|η ≥ 0 and the obvious η|e A |η > 0 it follows that ω 2 ≥ 0. Next, let us study some properties of the potential U. U tends to plus infinity at the compacton boundaries z = ±ρ (here we assume that the compacton center is at z = 0). This follows from the fact that Γ goes to zero at the compacton boundaries, and from the fact that
Further, U takes its only minimum at the center z = 0, where ξ(z = 0) = 0 and C(z = 0) = 0. The value at the minimum is
The fact that U has an extremum at the center follows from the symmetry of U under the reflection z → −z, whereas the fact that this is the only extremum (minimum) of U is not so easy to prove, because both the compacton solutions ξ and C and the correlation betweenΛ and κ are needed to demonstrate it. Here we restrict ourselves to a numerical demonstration. The potential U is plotted for the three valuesΛ = 10 −3 , 0.5, 6.0 in Figure 16 . The behaviour described above is clearly seen in these figures. It follows that the Schroedinger operator with potential U has a discrete, non-degenerate spectrum of eigenvalues
and we want to demonstrate that E 1 = 0, E n > 0 for n = 2, 3, . . .. Observe that we have to expect one zero eigenvalue because of the Goldstone mode of the translational symmetry z → z + a.
The idea now is to find a new potentialŪ which is less or equal to the potential U for all z in the compacton region,
and to study the spectral problem
for this new potentialŪ . Stability is proved if the new potential has precisely one negative eigenvalueĒ 1 , whereas all the other eigenvaluesĒ n , n ≥ 2 are positive. This follows from the inequality (which we prove below, see Eq.
because then E 2 ≥Ē 2 > 0 and, consequently, only the lowest eigenvalue E 1 can be less or equal to zero. Finally, we know that it must be equal to zero, E 1 = 0, because we know that a zero egenvalue must exist (the above-mentioned Goldstone mode of the translational symmetry z → z + a). Therefore, the Schroedinger operator H cannot have a negative eigenvalue, which is what we wanted to prove. Concretely, we choose the infinite square well potential forŪ, which is plus infinity at the compacton boundaries, and equal to U 0 in the interior. The spectrum for this potential is well-known and is given by the eigenvalues
where L is the width of the square well. In our case 2 2m = 1 and L = 2ρ and, therefore,Ē
Stability requiresĒ 1 < 0 andĒ 2 > 0 or
where U 0 is given in Eq. (50) and for ρ,Λ and κ the values of Table 2 have to be used. Qualitatively we can observe at once from Table 2 that our stability proof cannot work for arbitrarily largeΛ, because |U 0 | grows with growingΛ, whereas ρ −2 shrinks with growingΛ. The numerical results are shown in Figure 17 (forĒ 1 ) and in Figure 18 (forĒ 2 ). We find thatĒ 1 < 0 for all Λ as must hold because of the existence of the Goldstone mode. ForĒ 2 we find thatĒ 2 > 0 at least for 0 ≤Λ ≤ 2, therefore we have proved stability for this parameter region.
Remark: we could, in principle, determine the value ofΛ where the transition from positive to negativeĒ 2 occurs with higher precision (it will happen very near toΛ = 3). But this would require the numerical solution of the compacton-gravity system for these values ofΛ, which is quite demanding and does not produce important new insights, therefore we do not perform this calculation here.
Remark: the fact that our stability proof does not work for high values ofΛ does not necessarily mean that stability does not hold for these high values. It could just be the case that the approximation of the true potential U by the infinite square wellŪ is worse for higher values ofΛ. This is indeed indicated by the potentials U plotted in Figure 16 . The higher the value of Λ, the steeper the valley in the center of the potential, and the worse the approximation by a flat line.
Remark: the stability proof also works in the limitΛ → 0, κ → 0, that is, in the non-gravitational case. This may be seen most directly by using the non-gravitational compacton solution ρ = π 2 , ξ = sin z and the resulting potential U = −2 + 2 tan 2 z, which obviously may be bound by an infinite square wall potential with depth U 0 = −2. Therefore, our stability proof also provides an alternative proof for the stability of the non-gravitational compacton of Ref. [12] , [11] .
Finally, we still have to prove the inequality (54) which we used in our stability proof. The proof only uses elementary quantum mechanics, but as we could not find it in any of the standard text books, we provide it here for completeness.
Theorem: Given the two Schroedinger operators H = −∂ 2 z + U(z) and
lim z→±ρ U(z) = +∞ and lim z→±ρŪ (z) = +∞ such that the spectrum of both H andH is purely discrete and non-degenerate,
Hψ n =Ē nψn ,Ē 1 <Ē 2 <Ē 3 < . . .
and further it holds that
then the inequality E n ≥Ē n ∀ n holds. Proof: We define the Schroedinger operator
which has a purely discrete and non-degenerate spectrum
for all s ∈ [0, 1]. It follows that
and, after a derivative w.r.t. s, and using that
we further get
from which the theorem follows immediately. QED.
Discussion
In this paper, we completed the investigation which we started in [11] , studying in detail the existence of compact domain wall solutions in the full system of a quartic K field coupled to gravity. The result of this investigation is that such compact domain walls do exist, but their existence requires a correlation between the gravitational coupling κ and the bulk cosmological constant Λ. Further, these compact domain walls are stable under linear perturbations. Firstly, we want to emphasize that the correlation between the gravitational coupling κ and the bulk cosmological constant Λ we find in our system is qualitatively different from a fine-tuning which is frequently found in three-brane models. There, a fine-tuning between the bulk cosmological constant and the brane tension (or some related parameters of the brane) is necessary in order to achieve a vanishing effective four-dimensional cosmological constant. In our case, on the other hand, the full action density is always zero on-shell locally (i.e., for any local solution of the Einstein equations). The correlation is needed, instead, to guarantee the global existence of a solution with finite energy in the transverse direction in the non-gravitational sector alone, that is, the global existence of a topological defect or domain wall. This correlation is, in fact, a rather interesting observation by itself. One may see it as a drawback, requiring a "fine-tuning" of the cosmological constant for a given gravitational constant, or as an advantage, providing a "prediction" of the bulk cosmological constant from the value of the gravitational constant and the requirement of the existence of a thick brane universe. Quantitatively, the diameter of of the brane in the transverse direction grows with growing cosmological constant, and this growth may be seen as the net result of two competing influences. The gravitational constant by itself tends to shrink the brane size, whereas the cosmological constant tends to increase it. But these two constants are correlated, and the influence of the cosmological constant is stronger. The net effect is, therefore, an increase in the size of the brane.
Another interesting point consists in the fact that we were able to go rather far in the analysis of the model, establishing both the existence and the stability of the compact domain wall solutions, as well as its numerical properties to a high precision. Due to the inherent nonlinearity of the gravitational backreaction, such systems are usually quite difficult to analyse, and some simplifying assumptions (like replacing the "matter" fields by some effective energy momentum distribution) are frequently employed. In the present paper, on the other hand, we performed a full field theory calculation without any of these simplifying assumptions.
Further, let us emphasize that the results of this paper should be easily generalizable to other models. In fact, all that is needed is the presence of a potential term for the scalar K field which allows for a vacuum degeneracy, and the presence of a generalized kinetic term which takes a certain nonstandard form in the limit of low energy. Still, this latter condition is rather nontrivial, because the absence of the standard quadratic kinetic term at low energies is a necessary condition. In this sense these models are special, because the presence of the quadratic term is a typical feature of low energy effective theories. Under which conditions these special theories may be induced remains an open problem at the moment, which deserves further study. In any case, the fact that essential features of brane physics, like domain walls of compact support, suppression of linear propagation outside the domain wall, and standard linear propagation inside the brane, are naturally provided by these models, makes it worth studying these special theories.
Finally, we want to mention that recently K field theories have been used within the context of brane physics for a slightly different purpose in [25] . In that paper it was shown that the distance between different (thin) branes may be stabilized if the bulk scalar field has a nonstandard kinetic term. Figure 3 ) the functions C and C ′ ≡ C z are shown. The field C takes its vacuum value C = Λ /3 exactly at the point where ξ z = C z = 0 (the compacton boundary). The curve is very flat near the compacton boundary, because the first four derivatives of C at the boundary are zero. To the right of the compacton boundary the numerical integration selects the compacton configuration instead of the (correct) vacuum configuration, for the same reason as in Figure 3 . Figure 7 , the functions C and C ′ ≡ C z are shown. The field C ′ never reaches the value C ′ = 0, therefore the field C never settles down at its vacuum value (the fact that C ′ does not reach zero is not obvious from the figure, because it takes very small values numerically near the region where ξ ∼ 1. But it may be checked easily by direct numerical calculation, or by amplifying that region in the figure). Figure 3 ) the function C is shown. The field C takes its opposite vacuum value C = + Λ /3 exactly at the point where ξ z = C z = 0 again (the upper compacton boundary). The curve is very flat near the compacton boundaries, because the first four derivatives of C at the boundaries are zero. The graph of the function C is exactly odd about the compacton center (where ξ = C = 0). Numerically, this center is at t = 1.6414542, which agrees with the compacton center for ξ in Figure 9 in the first six digits. Shooting from the lower boundary: forΛ = 0.5 and for κ 2 = 0.608400 (slightly smaller than the fine-tuned value), the function ξ is shown. The field ξ ′ reaches the value ξ ′ = 0 before ξ reaches its vacuum value ξ = 1. Therefore, the numerical integration breaks down at this point. The numerical value of the point where the integration breaks down is t = 2.79688. The numerical value of the "compacton center" where ξ(t) = 0 is t = 1.64236. Figure 12 : Shooting from the lower boundary: forΛ = 0.5 and κ 2 = 0.608400 (slightly smaller than the fine-tuned value), the function C is shown. The field C ′ reaches the value C ′ = 0 before ξ and C reach their vacuum values. The numerical integration breaks down at this point because of the singularity in the integration for ξ, like in Figure 11 . The field C(t) takes the value zero at t = 1.67201, which is markedly different from the point where the field ξ takes the value zero in Figure 11 . Shooting from the lower boundary: forΛ = 0.5 and for κ 2 = 0.640000 (slightly bigger than the fine-tuned value), the function ξ is shown. The field ξ ′ never reaches the value ξ ′ = 0, therefore the field ξ never settles down at its vacuum value. The point where ξ(t) = 0 is at t = 1.641214. Shooting from the lower boundary: forΛ = 0.5 and for κ 2 = 0.640000 (slightly bigger than the fine-tuned value), the function C is shown. The field C ′ never reaches the value C ′ = 0, therefore the field C never settles down at its vacuum value. The field C(t) takes the value zero at t = 1.63363, which is markedly different from the point where the field ξ takes the value zero in Figure 13 . 
